We prove that the generalized Hyers-Ulam stability of linear differential equations of nth order (defined on I) is invariant under any monotone one-to-one correspondence τ : I → J which is n times continuously differentiable. Moreover, using this result, we investigate the generalized Hyers-Ulam stability of the linear differential equation of second order and the Cauchy-Euler equation.
Introduction
Throughout this paper, let n be a positive integer and let I and J be non-degenerate intervals of R. We will consider the (linear) differential equation of nth order F y (n) , y (n-) , . . . , y , y, x =  () defined on I, where y : I → R is an n times continuously differentiable function. For an arbitrary ε > , assume that an n times continuously differentiable function y : I → R satisfies the differential inequality F y (n) , y (n-) , . . . , y , y, x ≤ ε ()
for all x ∈ I. If for each function y : I → R satisfying the inequality (), there exists a solution y  : I → R of the differential equation () such that
for any x ∈ I, where K(ε) depends on ε only and satisfies lim ε→ K(ε) = , then we say that the differential equation () satisfies (or has) the Hyers-Ulam stability (or the local Hyers-Ulam stability if the domain I is not the whole space R). When the above statement also holds even though we replace ε and K(ε) with some appropriate ϕ(x) and (x), respectively, then we say that the differential equation ( Assume that there exists a monotone one-to-one correspondence τ : I → J, which is n times continuously differentiable. Let σ : J → I be the inverse of τ . If we make a change of variable t = τ (x) and define an m times continuously differentiable function z : J → R by z(t) = y(σ (t)), where m is an appropriate positive integer (possibly m = n), then we can substitute x = σ (t), y(x) = z(t), and 
Hyers-Ulam stability is invariant
In the following main theorem, we prove that the (generalized) Hyers-Ulam stability of the linear differential equation of nth order is invariant. Proof If the differential equation () has the Hyers-Ulam stability and if an n times continuously differentiable function y : I → R satisfies the inequality () for all x ∈ I and for some ε > , then there exists a solution y  : I → R of the differential equation () such that the inequality () holds for any x ∈ I, where K(ε) depends on ε only and satisfies
Since the differential equation () can be reduced from () by using a monotone oneto-one correspondence τ : I → J and there exists the inverse σ : J → I of τ , if we define a function z : J → R by z(t) = y(σ (t)), then we can reduce the inequality () to a new inequality
for all t ∈ J. Moreover, if we set z  (t) = y  (σ (t)), then the inequality () is reduced to
Finally, it is obvious that z  is a solution of the differential equation () by considering the last part of the Introduction.
To prove this theorem for the case of generalized Hyers-Ulam stability, we consider the inequalities
instead of () and (), respectively, where ϕ, : I → [, ∞) are continuous functions. Then the inequalities () and () are replaced by
and
respectively, where ψ := ϕ • σ and := • σ . The rest of the proof runs analogously to the first part of this proof.
By exchanging the roles of the monotone one-to-one correspondence τ : I → J and its inverse σ : J → I, we can prove a corollary to Theorem ..
Corollary . If the differential equation () has the (generalized) Hyers-Ulam stability, so does the original differential equation ().

Stability of linear differential equation of second order
Throughout this section, we assume that I is a non-degenerate interval of R. We now consider the linear inhomogeneous differential equation of the second order 
Lemma . Assume that the homogeneous differential equation corresponding to (),
has a general solution y h : I → R of the form 
where a  and a  are arbitrarily chosen points of I and
is the Wronskian of y  and y  .
We now investigate the generalized Hyers-Ulam stability of the linear inhomogeneous differential equation of the second order () in the class of twice continuously differentiable functions. 
for all x ∈ I, where ϕ : I → [, ∞) is given such that each of the following integrals exists, then there exists a solution y  : I → R of () such that
for all x ∈ I, where a  , a  are arbitrarily chosen points of I.
Proof If we define a continuous function s : I → R by
for all x ∈ I, then it follows from () that
for all x ∈ I. In view of Lemma . and (), there exist real-valued constants α  and α  such that
where a  , a  ∈ I are arbitrarily chosen and W (y  , y  )(t) =  for all t ∈ I because y  and y  are linearly independent.
We now define a function y  : I → R by
for each x ∈ I. According to Lemma ., it is obvious that y  is a solution of (). Moreover, it follows from (), (), and () that
for any x ∈ I.
If we set c := a  = a  in Theorem . and use the equality (), then we obtain the following corollary. 
for all x ∈ I, where c is an arbitrarily chosen point of I.
Hyers-Ulam stability of Cauchy-Euler equation
In this section, we consider the (inhomogeneous) Cauchy-Euler (differential) equation 
If r : (, ∞) → R is a differentiable function and y : (, ∞) → R is a twice continuously differentiable function such that the inequality
for all x ∈ (, ∞).
Proof If we define a monotone one-to-one correspondence τ : (, ∞) → R by τ (x) := ln x = t, then x = e t for each t ∈ R. We now define a twice continuously differentiable function z : R → R by z(t) := y(x) = y e t and we get In fact, as we did for (), we can apply the monotone one-to-one correspondence τ to reduce the inequality () to
for all t ∈ R. According to () and Corollary . with z(t), α -, β, r(e t ), ϕ(e t ), and (ln c)
, and a, respectively, there exist real-valued constants c  and c  such that
for any t ∈ R. If we set t = ln x and z  (t) = y  (x) in the previous equality for z  (t) and if we substitute ζ for e η in the integrals, then we get
which is a solution of the inhomogeneous Cauchy-Euler equation (). Moreover, if we set t = ln x, z(t) = y(x), z  (t) = y  (x), and if we substitute ζ for e η in the integral of the last inequality for |z(t) -z  (t)|, then we obtain the inequality for |y(x) -y  (x)| given in the statement of this theorem.
If we set ϕ(x) = ε in Theorem ., then we get the following corollary. 
Proof According to Theorem ., there exists a solution y  : (, ∞) → R of the inhomogeneous Cauchy-Euler equation () such that
for all x ∈ (, ∞). We can integrate the last inequality case by case and obtain the inequality for |y(x) -y  (x)|. 
We apply Theorem . and Corollary . to prove the generalized Hyers-Ulam stability of the Cauchy-Euler equation () for the case of (α -)  -β < . Proof In a similar way to the proofs of Theorems . and ., we conclude that the CauchyEuler equation () has the generalized Hyers-Ulam stability. Using the monotone one-to-one correspondence τ : (, ∞) → R defined by τ (x) = ln x, we can reduce the inequality () to () and we apply () and Corollary . to verify the existence of real-valued constants c  and c  such that for all t ∈ R, where μ > .
